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We present a non-local construction of universal gates by means of holonomic (geometric) quan-
tum teleportation. The eect of the errors from an imperfect control of the classical parameters,
the looping variation of which builds up holonomic gates, is investigated. Additionally, the influence
of quantum decoherence on holonomic teleportation used as a computational primitive is studied.
Advantages of the holonomic implementation with respect to control errors and dissipation are
presented.
PACS numbers: 03.67.Lx, 03.67.Hk
Holonomic quantum computation (HQC) is a mathe-
matically fascinating area where elements from dieren-
tial geometry are employed in order to describe the logi-
cal evolution of a quantum system with degenerate (mul-
tiple) energy eigen-states [1{3]. Recent works [4{6] sup-
port the belief that holonomic implementation in NMR,
quantum optics or ion traps may be a possible avenue
for quantum computation. Here our aim is twofold: rst,
the scope of HQC is extended to the general framework
of universal quantum computation with the construction
of non-local gates; second, non ideal HQC implementa-
tions, in the form of geometrical imperfections of adia-
batic parametric closed paths needed for the construction
of holonomic gates, as well as the eect of the simulta-
neous presence of decoherence, is formulated and inves-
tigated.
Specically, the methodology for the generation of
holonomies is as follows. In the control parametric mani-
fold of iso-spectral transformations of a given degenerate
Hamiltonian closed paths (loops) are run adiabatically
in order to represent the evolution operation for each
degenerate eigenspace as a holonomy of a given connec-
tion, A [7{9]. The latter has a form dened from the
structure of the bundle of the energy degenerate spaces
[10]. These loops, when subject to imperfections while
spanned, introduce an error in the nal gates through
their accordingly fluctuated parameters. This is system-
atically studied for a universal set of gates, consisting
of the Hadamard and the control-not (CN) gates, the
construction of which is made non locally, by using the
teleportation circuit as a computational primitive. As a
gure of merit of the eect of both geometric imperfec-
tions and quantum dissipation on the overall performance
of the teleportation circuit its delity is investigated for
various limiting values of the decoherence and the imper-
fection parameters.
As a starting point we shall use the CPn holonomic
model [10] in order to acquire the desired quantum
gates [11]. In [10] a mathematical way for the holo-
nomic construction of given gates by running specic
loops in the control parametric manifold is presented.
The initial Hamiltonian of this model is given by H0 =
ε0jn+1ihn+1j which acts on the state-space spanned by
fjαign+1α=1. We assume that it is possible by external con-
trol to perform equivalent transformations of H0 given
by O(H0) := fU H0 Uy /U 2 U(n + 1)g. Their para-
metric space is isomorphic to the n-dimensional com-
plex projective space CPn = U(n + 1)/(U(n)  U(1))
which is at the disposal of the experimenter. Each point,
z, of the 2n dimensional CPn manifold corresponds to
a unitary matrix U(z) = U1(z1)U2(z2)...Un(zn), where
Uα(zα) = exp[Gα(zα)] with Gα(zα) = zαjαihn + 1j −
zαjn + 1ihαj and zα = θαeiφα , for α = 1, ..., n. If
jψiin is the initial state in the zero degenerate space
of the Hamiltonian, at the end of the adiabatic run
of a loop C in the control manifold CPn one obtains
jψiout = ΓA(C) jψiin. The holonomy ΓA(C) 2 U(n) has
a geometric origin and its appearance accounts for the
non-trivial curvature of the bundle of eigenspaces over
CPn. By introducing the Wilczek-Zee connection [8]
Aµαα := hαjUy(z) ∂∂zµ U(z)jαi , with α, α = 1, ..., n, one
nds ΓA(C) = P exp
R
C
A [7], where P denotes path or-
dering.
For particular loops the following holonomies are cal-
culated [10]; for the loop C1 2 (θβ , φβ), we obtain
an abelian like holonomy, ΓA(C1) = e−i1 jβihβj +







dθβdφβ cos θβ may be represented as the one of
the surface enclosed by C1 on a S2 sphere with coor-
dinates (2θβ , φβ), while D(C1) is the enclosed surface
on the (θβ , φβ) plane. For C2 2 (θβ , φβ), β > β, we
take ΓA(C2) = ei2 jβihβj + jβ?ihβ?j which is of sim-
ilar abelian nature as ΓA(C1). In order to obtain a
non-abelian holonomy we perform the loop C3 on the
plane (θβ , θβ) positioned at φβ = φβ = 0, resulting to
ΓA(C3) = exp[−i(−ijβihβj+ ijβihβj)~3], while by taking
the plane (θβ , θβ) to be at the position φβ = pi/2 and




dθβdθβ cos θβ . The identity action on
the rest of the states is implied.
With these control manipulations holonomies are pro-
duced, which can be used as logical gates with parame-
ters the areas . In fact we obtain a whole set of closed
paths in the parametric manifold which give the same
holonomies, as deformations of the loop shape and po-
sition give the same gate provided their enclosed area is
preserved. It is worth noticing that the composition rules
[1] of loops of multiplied holonomies may reduce the to-
tal length of the transversed paths by combining loops
on the same or perpendicular planes for successive gates
eventually reducing the required resources for the overall
circuit.
Imperfect holonomies. In order to study the errors in-
troduced by imperfect control of the external parame-
ters we adopt an imperfectly spanned loop, C0. If the
errors are statistical rather than systematical then the
area spanned by this loop are, to the rst order, zero.
Let us consider how systematic errors in the area eect




sin  − cos

, for  = pi/4. Up to a
corrective phase given by ΓA(C1) with 1 = pi it may




dθ1dθ2 cos θ1 with D(C3) taken to be a rect-
angular surface enclosed by f0  θ1  pi/2, 0  θ2 
pi/4g. Introduce an error in this surface by translating
the boarders of θ1 and θ2 by α and β respectively, where
α, β  1. This is a kind of systematic error. The im-
perfect Hadamard gate is given to the rst order in ε





integrand cos θ1 in  is the (θ1, θ2) dependent part of
the component of the eld strength, F , of the connec-
tion A, on the (θ1, θ2) plane, which is given by Fθ1θ2 =
∂θ1Aθ2 − ∂θ2Aθ1 + [Aθ1 , Aθ2 ]. As another interpretation
of the holonomy, within this approach, is the exponen-
tial of the flux of F , [12] then we want this flux to be
stable with respect to small deformations of the rele-
vant surface. Hence, we can take this surface to be
such that fluctuations of its area give insignicant vari-
ations to the total flux. Indeed, the flux enclosed by C03
is given by (ε)  pi4 + ε, times the Pauli matrix σ2,
with innitesimal deviation ε = β, where the innitesi-
mal α does not appear at all in the rst order, due to
the choice of the position of the rectangular’s sides. Ide-
ally, we would like Fθ1θ2 to be exponentially decreasing
with respect to the distance from a particular point of
the control manifold so that for large loops centered at
that point local deformations of the loop shape would
not alter the enclosed flux. A model with such char-
acteristics may be build with optical devices. Indeed,
in [5] the one qubit gates ΓA(CI) = exp−iσ^1I with








dydr12e−2r1, which can produce any one
qubit operation, give for large values of the squeezing pa-
rameter r1 zero error in all orders of the loop deformation
along r1. This can be considered as an initial point for
passing from geometrical QC to topological QC [13,14].
Further study is needed for the construction of optical
(bosonic) two qubit gates with topological character.
On the other hand, the control-not gate is given, up to
phase corrections again by a C3 loop between the proper
(θβ , θβ) variables with  = pi/2. By inserting the er-
rors (α0, β0) in the corresponding components the area
becomes (δ)  pi2 + δ, with δ = β0  1 the error devia-
tion. Hence, UCN(δ) = UCN − iδj1ih1j ⊗ 1.
Teleportation Circuit. Consider the teleportation cir-








FIG. 1. The Brassard et.al. teleportation circuit. Dashed
lines represent classical channels.
Depicted are the unknown state jΨi = a0j0i + a1j1i
which we wish to teleport, the initially employed EPR
states jEPRi = 1p
2
(j00i+ j11i), while the classical states
jxi or jyi are the outcomes of measurement in the mid-
dle of the circuit. For a more realistic implementation we
may use the imperfect Hadamard and CN gates as pre-
sented above, where we can take pertubatively into ac-
count the imperfections of the Alice and Bob holonomies
in order to estimate the reduction of the optimal delity
of the above scheme, due to the presence of the imperfect
holonomic implementation. The overall circuit is rep-
resented as Utel(ε, δ) = U6(ε)U5(δ)U4(ε)U3(δ)U2(ε)U1(δ),
where, ε is the error for the Hadamard gate and δ is the
error for the CN gate. From the six gates presented in
Fig. 1, the rst CN gate is written as
U1(δ)= UCN (δ)⊗ 1  UCN ⊗ 1− iδj1ih1j ⊗ 1⊗ 1
2
 U1 + δV1
which is a unitary matrix up to order O(ε). The rest
CN’s are written similarly. The rst Hadamard gate is
given by
U2(ε)= UH(ε)⊗ 1⊗ 1  UH ⊗ 1⊗ 1 + h⊗ 1⊗ 1
 U2 + εV2
and equivalently for U4(ε) and U6(ε). The overall cir-
cuit, up to the rst order in the error ε or δ is given by
Utel(δ, ε) = Utel + δ(V1 + V3 + V5) + ε(V2 + V4 + V6) 
Utel + δVδ + εVε. To quantify the error of the teleported
state due to the imperfections in the loop spanning we
introduce the delity
Fxyδ,ε = minjΨi jhxyψjUtel(δ, ε)jΨEPRij2
where jxyi is one of the possible outcomes j00i, j01i, j10i
or j11i for the two rst qubits due to measurement. In
particular we nd after minimization and tracing the dif-
ferent possibilities of jxyi the result
Fδ,ε = 1− ε32(
p





which is smaller or equal to identity for small positive
values of ε and δ.
Application. Let us proceed by adopting the telepor-
tation as a kind of universal computation primitive [16],
which can accept proper input state (quantum software)
in a given site and output in another site universal quan-
tum gates e.g. Hadamard and CN gates. Our aim is
to use the Brassard’s et.al. circuit of teleportation in
order to produce (teleport) H and CN gates. For that
we consider imperfect holonomic realization of these gen-
eralized circuits and within rst order approximation,
evaluate their robustness by obtaining their delity. Be-
fore the teleportation takes place the Hadamard and CN
gates can be manufactured without errors, as they are
prepared to act on the EPR states, by classical con-
trol gates and Bell basis measurement [16]. Due to
the similarity of the operators involved the derived -
delities are closely related with the ones in (1). In-
deed, for the Hadamard gate the employed circuit is
UHtel = 1 ⊗ 1 ⊗ UH Utel 1 ⊗ 1 ⊗ U yH and its delity with
respect to the transformed initial and nal states is equal
to the delity of the teleportation circuit itself, FH = F .
For constructing the CN teleported gate we shall employ
two teleportation circuits with the additional permuta-
tion operator 13 =
P
x,y=0,1 jyihxj ⊗ 1 ⊗ jxihyj. The
circuit of the two teleportations (see Fig. 2) is arranged
as Wtel = Utel⊗13Utel13 and the CN implementation
is given by WCNtel  U34CNWtel U34CN y. By calculating the
delity of this circuit with respect to the rotated initial
and nal states we obtain FCN(ε, δ) = F(2ε, 2δ), that is,
it has the same functional form as in the case of one tele-
portation but the errors are now doubled. These results















FIG. 2. The CN teleported gate.
Dissipation. Let us now consider the case where imper-
fections in the construction of holonomic gates as have
been studied so far, are present simultaneously with dis-
sipative mechanisms in the modeling of holonomic quan-
tum gates and circuits. As dissipation is an almost un-
avoidable destruction of quantum coherence that aects
the performance quality of logical circuits, it is expected
to cooperate with the possible imperfections, in lowering
the delity of those circuits. To quantify these thoughts
we shall formulate the appearance of a general class
of dissipative mechanisms in the computational primi-
tive element of an imperfect teleportation circuit. More
specically we shall study decoherence on the Bob’s part
of the total density operator of the teleportation scheme,
that takes place after the completion of Alice’s part of
the circuit and during the time she classically transmit
two bits of information to Bob. This can be also thought
of as an imperfection during measurement procedure in
the middle of the circuit. Let ρI = jΨ ihΨj ⊗ ρ, the
initial density operator with jΨi = α0 j0i + α1 j1i the
state to be transmitted, and ρ the transmitting den-
sity operator, which in general can be taken not to be
a perfect projector of an EPR entangled pair. Let
H = H ⊗ H ⊗ H, the total Hilbert space of Alice and
Bob, where H = span fj0i , j1ig. Then let P = End(H),
the space of pure density operators acting on H, and
S = hull(P), the convex hull of P . Consider the linear,
trace preserving and completely positive family of maps
fsλ : S ! S : λ  0g, that admits a Kraus operator-sum









i = 1. Since we are
interested in dissipation occurring in Bob’s site only, we
take Wi = 1⊗1⊗Vi, for some chosen Vi’s. Moreover, the
dissipation generators Wi(λ) may be taken to depend on
the parameter λ, in such a way that limλ!0W1(λ) = 1,
limλ!0Wi(λ) = 0, i 6= 1, namely in the zero dissi-
pation limit sλ=0(ρ) = ρ. Then we rewrite sλ(ρ) =Pk
i=1 Ad(Wi)ρ, where the adjoin action Ad(X)ρ 
XρXy is employed. By means of the propertyAd(XY ) =
Ad(X)Ad(Y ), we now introduce a 3-parameter POVM





Ad(UBob(δ, ε))Ad(Wi(λ))Ad(UAlice(δ, ε)) ρI .
As in the previous the unitary operators that imple-
ment the gates of Alice and Bob in the teleportation
circuit are parameterized by the imperfection parame-
ters δ, ε. Next we observe that the dissipation operator
on Bob’s site commutes with Alice unitary operation i.e.





Utel(δ, ε))sλ(ρI)Uytel(δ, ε)) .
At this point there are two ways to proceed. The rst
one is based on the observation that the above dissipa-
tive teleportation scheme is equivalent to the telepor-
tation scheme in which Alice and Bob share a mixed
entangled state and an enhancement of the quantum
teleportation delity is achieved by allowing either of
them, to initially perform a local dissipative interac-
tion with the environment [17]. Specically let V (.) =Pk
i=1 Vi(.)V
y
i , then the closeness of the initially shared
bipartite state 1 ⊗ V (ρ), to the ideal maximally en-
tangled state PEPR = jEPR ihEPRj, is quantied by
the fully entangled fraction [18], of the bipartite state,
f = maxV Tr(1 ⊗ V (ρ)PEPR). According to the analy-
sis of [17], we search for such V and ρ that f > 1/2, so
that the optimal delity of the teleportation F = 2f+13 ,
exceeds the limit of the classical communication viz.
Fcl = 23 .
Alternatively, we can simply proceed by assuming that
our dissipative holonomic teleportation has a lower -
delity compared to the ideal teleportation scheme and
perform a rst order perturbation say, of the holonomic
parameters δ, ε in order to estimate how close to one our
delity can be. Let us take the latter possibility and
choose for deniteness the phase damping mechanism de-




In terms of projectors Pab  ja ih bj, the initial state is
written as ρΨI = jΨ ihΨj⊗PEPR = 12
P
i,j2(0,1) αiαjPij⊗
PEPR. Similarly if Alice measurement results in two clas-
sical bits (x, y), then the nal state of teleportation is
ρΨF = jxyΨ ihxyΨj = 12
P
k,l2(0,1) αkαlPxx ⊗ Pyy ⊗ Pkl.
To estimate the quality of the dissipative holonomic tele-
portation scheme against the standard ideal teleportation
we introduce the delity factor
Fx,yδ,ε,λ = minjΨiTr(µδ,ε,λ(ρΨI )ρΨF ) .
After adding up all the dierent possibilities of x and y
we obtain for the delity up to the rst order in ε and δ,






























The intriguing characteristic is that after allowing for
dissipation to occur in the initial state by having non-
zero values for λ the coecients of ε and δ become
smaller. In particular the coecient of ε from the value
−0.62132 becomes for large dissipation −0.4788, while
the coecient of δ changes from −0.3535 with zero dis-
sipation to the asymptotic value −0.1239. Analytically,
let Fε,δ = 12 − ε 132 (21
p
7 − 51) − δ 14
q
3
2 , then expres-
sion (2) takes the form Fδ,ε,λ = Fε,δ − (1 − e−λ)Fε,δ.
Clearly the initial value Fε,δ, of the delity for zero dis-
sipation λ = 0, changes to the asymptotic non-zero value
Fδ,ε,λ = Fε,δ−Fε,δ, for large dissipation λ −!1. This
signies the fact that the delity of imperfect holonomic
teleportation becomes resilient to some quantum dissipa-
tion that may occur during classical transmission of in-
formation. Note that for any ε, δ < 1 the overall delity
decreases for increasing values of λ reaching eventually
for large dissipation a value greater than 1/2.
JP would like to thank Christof Zalka for useful con-
versations. JP acknowledges a TMR Network support
under the contract no. ERBFMRXCT96-0087.
[1] P. Zanardi and M. Rasetti, Phys. Lett. A 264 (199) 94,
quant-ph/9904011.
[2] J. Pachos and P. Zanardi, \Quantum Holonomies for
Quantum Computing", quant-ph/0007110.
[3] J. Pachos, \Quantum Computation by Geometrical
Means", to be published in the AMS Contemporary
Math Series volume entitled "Quantum Computation
and Quantum Information Science", quant-ph/0003150.
[4] A. Ekert, M. Ericsson, P. Hayden, H. Inamori, J. A.
Jones, D. K. L. Oi and V. Vedral, \Geometric Quantum
Computation", quant-ph/0004015; J. A. Jones, V. Ve-
dral, A. Ekert and G. Castagnoli, \Geometric quantum
computation with NMR", Nature 403 869-871 (2000),
quant-ph/9910052.
[5] J. Pachos and S. Chountasis, \Optical Holonomic Quan-
tum Computer", to appear in Phys. Rev. A, quant-
ph/9912093.
[6] I. Fuentes-Guridi, S. Bose, V. Vedral, \Proposal for
measurement of harmonic oscillator Berry phase in ion
traps", quant-ph/0006112.
4
[7] For a review see, Geometric Phases in Physics, A.
Shapere and F. Wilczek, Eds. World Scientic, 1989
[8] F. Wilczek and A. Zee., Phys. Rev. Lett. 52, 2111 (1984)
[9] M. Nakahara, Geometry, Topology and Physics, IOP
Publishing Ltd., 1990.
[10] J. Pachos, P. Zanardi and M. Rasetti, Phys. Rev. A 61
010305(R), quant-ph/9907103.
[11] The tensor product structure, which is missing from the
CPn model [10] does not aect the results presented here
on imperfections as well as the overall error of the cir-
cuits. In the holonomic context the complexity may be
faced successfully as in [5] and [3], while the CPn model
is simple enough for presenting a complete study on con-
trol imperfections.
[12] The Abelianization of the theory by restricting on planes
with commuting connection components eliminates the
path ordering symbol and the treatment is as in the
Abelian case.
[13] A. Yu. Kitaev, \Fault-tolerant quantum computation by
anyons", quant-ph/9707021.
[14] J. Preskill, Fault-tolerant quantum computation in Intro-
duction to quantum computation and information, Hoi-
Kwong Lo, S. Popescu and T. Spiller Eds., World Scien-
tic, Singapore, 1999.
[15] G. Brassard, S. Braunstein, R. Cleve, Physica D 120, 43
(1998).
[16] M. A. Nielsen and I. L. Chuang, Phys. Rev. Lett. 79 321
(1997), D. Gottesman and I. L. Chuang, Nature 402 390
(1999), Zhou etal, quant-ph/0002039.
[17] P. Badziag, M. Horodecki, P. Horodecki and R.
Horodecki, arXiv:quant-ph/9912098.
[18] C. H. Bennett, D. P. Di Vincenzo, J. Smolin, and W. K.
Wooters, Phys. Rev. 54 3814 (1997).
5
